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1. INTRODUCTION 

Suppose that k is a field, and / : Y — > X is a dominant, generically finite morphism 
of complete varieties. If Y and X are complete curves, then it is classical that / is 
finite. If Y and X have dimensions > 2 / need not be finite. The simplest example 
is the blowup of a nonsingular subvariety of a nonsingular projective variety. 

It is however natural to ask the following question. Given a generically finite 
morphism / : Y — > X as above, does there exist a commutative diagram 

Yi ^ X x 

I I (1) 

Y ^ X 

such that /i is finite, Y± and Xi are nonsingular complete fc-varieties, and the vertical 
arrows are birational? The answer to this question is no, as is shown by a theorem of 
Abhyankar (Theorem 11 Q). This theorem, (as shown in Example |6.2| of this paper) 
proves that such a diagram cannot always be constructed even when / : Y — > X 
is a G-equivariant morphism of complex projective surfaces, where the extension of 
function fields k(X) — > k(Y) is Galois with Galois group G. 

In the theory of resolution of singularities a modified version of this question is 
important. 



Question 1. With / : Y — > X as above, is it possible to construct a diagram p) 
such that fi is finite, Y\ and Ai are complete fc-varieties such that Y± is nonsingular, 
X\ is normal and the vertical arrows are birational? 



This question has been posed by Abhyankar (with the further conditions that 
Y\ — > Y is a sequence of blowups of nonsingular subvarieties and Y, X are projective) 
explicitely on page 144 of ||, where it is called the "weak simultaneous resolution 
global conjecture" and implicitely in the paper ||. 

As positive evidence for this conjecture, Abhyankar proves a local form of this con- 
jecture for 2 dimensional function fields over an algebraically closed field of arbitrary 
characteristic [Q, Q, (this is the two dimensional case of the "weak simultaneous 
resolution local conjecture" Q). 

An important case where Question 1 has a positive answer is for generically finite 
morphisms / : Y — > X of projective varieties, over a field k of characteristic zero, 
which induce a Galois extension of function fields. We give a simple proof in Theorem 
3.1. We can construct (with this Galois assumption) a diagram (|]) such that the 



conclusions of Question 1 hold, and X\ has normal toric singularities. This is a 
relative version of Theorem 7, S. 



partially supported by NSF. 
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In Theorem 3.1 of this paper we give a counterexample to Question 1. The example 
is of a generically finite morphism Y — > X of nonsingular, projective surfaces, defined 
over an algebraically closed field fc of characteristic not equal to 2. This counterexam- 
ple is necessarilly then a counterexample to the "weak simultaneous resolution global 
conjecture" . 

As the "weak simultaneous resolution local conjecture" , posed by Abhyankar on 
page 144 of § is true in characteristic (we prove it in Q as a corollary to the local 
monomialization theorem, Theorem 1.1 and prove a stronger statement in The- 
orem 4.3 of this paper), Theorem 3.1 also gives a counterexample to the philosophy 
that a theorem which is true in valuation theory should also be true in the birational 
geometry of projective varieties. This is the philosophy which led to successful proofs 
of resolution of singularities for surfaces and 3-folds, in characteristic zero by Zariski 
(p^j, pSfl), and in positive characteristic by Abhyankar (|Q,g|,0))- Recently there 
has been progress on the important problem of local uniformization in positive char- 
acteristic in higher dimensions (c.f. 18 , [0). Ramification of morphisms 



of algebraic surfaces in p osit ive characteristic is analyzed in Jl(| and ]Tl 

We prove in Theorem |5.3| that Question 1, and the "weak simultaneous resolution 
global conjecture" are almost true, as it always possible (over fields of characteristic 
zero) to construct a diagram (Q) where fx : Y\ — > X\ is a quasi-finite morphism of 
integral, finite type fc-schemes, Y\ is nonsingular, X\ has normal toric singularities, 
the vertical morphisms are birational and every fc-valuation of k(X) has a center on 
X%, every fc-valuation of k(Y) has a center on Y\. That is, the answer to Question 1 
becomes true if we weaken the condition that the vertical arrows are proper by not 
insisting that these morphisms be separated. 

The essential technical result used in the proof of Theorem 5.3 is the Local Mono- 
mialization Theorem, Theorem 1.1 of Local monomialization is used to prove a 
strengthened version of the "weak simultaneous local conjecture", Theorem 4.3 of this 
paper, which allows us to construct local solutions of the problem, which are patched 
in an arbitrary manner (this is where separatedness is lost) to construct X\ and Y\. 

We will now give an overview of the proof of the construction of Theorem 3.1 , which 
is the counterexample to Question 1 and the "weak simultaneous global conjecture". 
We will use some of the notation explained in the following section on notations. 

Suppose that K* is a finite extension of an algebraic function field K, defined over 
an algebraically closed field k of cha ract eristic zero, v* is a fc-valuation of K* and v 
is its restriction to K. By Theorem L3, there exists an algebraic regular local ring 
S with quotient field K* dominated by v* and an algebraic normal local ring R with 
quotient field K such that S lies over R (S is the localization at a maximal ideal of 
the integral closure of R in K*). This can be refined |ll[ to show that there exist S 
and R as above such that the quotient of value groups T u * /T v acts faithfully on the 
power series ring S by fc-algebra automorphisms so that 

R ®R/m R k' = (S ® S/ms k'f"' /F " (2) 

where fc' is an algebraic closure of S/mg. In some special cases, such as rational 
rank 2 valuations of algebraic function fields of dimension two, where [K : K*] is not 
divisible by char(fc), this construction is stable under quadratic transforms of S. We 
give a direct proof in this paper. 

Let fc be an algebraically closed field, V be the rational rank 2 valuation on K = 
k(u, v) and L\ be the g-cyclic extension of K, where q is a prime distinct from char(fc), 
constructed in Theorem 11 of Abhyankar (the construction is recalled in Theorem 
3.8 of this paper). R = k[u, u]( Ui „) is dominated by V. The extension K — > L\ has 
the property that if S\ is an algebraic regular local ring with quotient field L\ which 
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lies over an algebraic normal local ring R\ with quotient field K such that R\ is 
dominated by 77, and contains i?, then R\ is singular. 

Examining this example, we see that there is a unique extension v\ of V to Li, 

and the quotient of value groups T l/1 /T-p = Z q . By (||) we have R\ = Si " . Since 
Ri is singular and Si is a power series ring in two variables over k, the algebraic 
fundamental group of R\ is 

7Ti(spec(i?i) - m Ri ) = Zg. 

We now consider the extension V2 of V to a particular p-cyclic extension L2 of if 
where p is a prime such that p ^ q and p 7^ char(fc). We have rV 2 /IV = Z p , and if 
S2 is an algebraic regular local ring with quotient field L2 which is dominated by V2 
which contains R, and if there exists an algebraic normal local ring R2 with quotient 
field K which lies below S 2 , then R 2 = S 2 " by (§). If R 2 is singular, the algebraic 
fundamental group of R2 is then 

7Ti(spec(-R 2 ) - m R 2 ) — Z p . 

We then construct a morphism of projective nonsingular /c-surfaces $ : Y — > X 
such that X has the function field if and i? is the local ring of a point on X. Y 
is constructed in such a way that Y splits into two sheets over spec(i?), and there 
are points on these two sheets which are formally the same as extensions R — > Si, 
R — > 5 2 into algebraic regular local rings with respective quotient fields L\ and L 2 
which are dominated by the respective valuations v\ and V2- We then use these formal 
embeddings to construct extensions V\ and V2 of v to the function field Lq of Y. 

These extensions Vi have the property that if Yi is nonsingular and Y± — > Y" is 
proper birational (so that it can be factored by blowups of points) then the map 
Y"i — > X is formally isomorphic at the centers of the valuations z?i and F2 to the 
extensions of i? by the corresponding sequences of quadratic transforms of the local 
rings S± and S2 along the respective valuations vi and V2- 

Now suppose that we can construct a diagram 

Yi -» X x 

I I 
Y -> X 

such that Yi — >• X\ is finite, Yi is nonsingular, Xi is normal, and the vertical arrows 
are proper and birational. Let i?i be the local ring of the center of V on Xi, 5(1) be 
the local ring of the center of V\ on Yi, and let 5(2) be the local ring of the center of 
T>2 on Y\. Since T>i and V2 both extend v, and T^/V-p = Z q , T-p^/Tj; = Z p , we must 
have that 

5(1) ^i?i^5(2) . 
We then have that Ri is singular, by our contruction of Fi, and thus the algebraic 
fundamental group 7Ti(spec(-Ri) — ) has simultaneously order p and order q =f= p 
which is impossible. 

2. NOTATIONS 

We will denote the maximal ideal of a local ring R by rriR. We will denote the 
quotient field of a domain R by QF(R). Suppose that R C 5 is an inclusion of local 
rings. We will say that R dominates 5 if ms fl R = run- Suppose that K is an 
algebraic function field over a field k. We will say that a subring R of K is algebraic 
if R is essentially of finite type over k. Suppose that K* is a finite extension of an 
algebraic function field K, R is a local ring with QF(K) and 5 is a local ring with 
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QF(K*). We will say that S lies over R and R lies below S if S is a localization at 
a maximal ideal of the integral closure of R in K*. If R is a local ring, R will denote 
the completion of R at its maximal ideal. 

Good introductions to the valuation theory which we require in this paper can be 
found in Chapter VI of and in [|| . A valuation v of K will be called a fc-valuation 
if v(k) — 0. We will denote by V v the associated valuation ring, which necessarily 
contains k. A valuation ring V of K will be called a fc-valuation ring if k C V. The 
value group of a valuation v will be denoted by IV If A is an integral fc-scheme with 
function field K, then a point p E X is called a center of the valuation v (or the 
valuation ring V v ) if V v dominates Ox,p- If i? is a subring of V u then the center of v 
(the center of V v ) on R is the prime ideal R n my B . 

Suppose that R is a local domain. A monoidal transform R — > i?i is a birational 
extension of local domains such that i?i = i£[— ] m where P is a regular prime ideal 
of R, 7^ £ G P and m is a prime ideal of R[^r] such that m n R — m^. R — > i?i is 
called a quadratic transform if P = m#. 

If i? is regular, and i? — > R\ is a monodial transform, then there exists a regular 
sustem of parameters (afi, ... ,x n ) in R and r < n such that 

, . . . , 

Suppose that v is a valuation of the quotient field R with valuation ring V v which 
dominates R. Then R — > i?i is a monoidal transform along (along V^) if dominates 
Hi. 

We follow the notation of |p^| . In particular, we do not require that a scheme be 
separated. 

3. A COUNTEREXAMPLE TO GLOBAL WEAK SIMULTANEOUS RESOLUTION 

In this section we construct the following example. This gives a counterexample to 
Question 1 stated in the introduction, as well as to the "weak simultaneous resolution 
global conjecture" stated by Abhyankar explicitely on page 144 || and implicitely 
in the paper 0|. As the "weak simultaneous resolution local conjecture" is true in 



i?i — R 



characteristic (We prove it in and prove a stronger version in Theorem 4.3 of this 
paper), Theorem |3.1| also gives a counterexample to the philosophy that a theorem 
which is true in valuation theory should also be true in the birational geometry of 
projective varieties. 

Theorem 3.1. Suppose that k is an algebraically closed field of characteristic or of 
odd prime characteristic. Then there exists a generically finite morphism $ : Y — > X 
of projective nonsingular k-surfaces such that there does not exist a commutative 
diagram 

Y 1 *l X X 
I I 
Y % X 

where the vertical arrows are birational and proper, Y% is nonsingular, X\ is normal, 
and $i is finite. 

Throughout this section we will suppose that k is an algebraically closed field. 

Lemma 3.2. Suppose that L is a 2 dimensional algebraic function field over k. Sup- 
pose that R is an algebraic regular local ring with quotient field L and maximal ideal 
m R = ( u t v )- Suppose that V is a rank 1, rational rank 2 valuation of L such that V 
dominates R, v(u),v(v) > and V(u),v(v) are rationally independent. Then 
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1. The value group ofV is T- = Zz/(w) + ZV(v). 

2. Suppose that R — > R\ is a sequence of quadratic transforms along 77. Then there 
exist regular parameters (ui, vi) in R\ and a,b,c,d G N such that 

u = u1v\ 
v — u\vf 

with ad — bc = ±1. 

3. There exists a unique extension v of v to L = QF(R) which dominates R. The 
value group of v is Tp =T U . 

4. If v\ is a valuation such that v\ is equivalent to V, (and the value groups T- and 
T Vl are embedded as subgroups of R) then 

f 1 (it) F(ti) 

Proof. Proof of 1. / € R implies there is an expression / = Y^i+j= r a ij ulv '' + h with 
aij G k, r = ord(/), h G (m^) n , where n is such that 

nF(m^) > is( a,ijU l tP). 

i+j=r 

Thus since v(u) and V{v) are rationally independent, 

71-1 

17(f) = z7( a^uV) = min{77(uV) \ r<i+j<n—l, a t j ^ 0}. 

i+j—r 

Thus V— = ZiU(u) + Zz7(u) . 

Proof of 2. It suffices to prove this for a single quadratic transform. We either 
have that V(u) > V(v) or V(v) > V(u). In the first case have that 

XL 

and F(^), V(v) are linearly independent over Q. In the second case we have that 

v 

Ri = R[u, -]( u ,ji) 

and v(u), V(^) are linearly independent over Q. 
Proof of 3. Define an extension v of V to L by 

z>(/) = min{iF(u) + jV(v) \ a tj ^ 0} 

if / G R, and / has the expression / = o-ijX l y J with G k. v is a valuation since 
for i,j,a,[3 G N, 

iv(u) + jV(v) = aV(u) + (3v(v) 

implies i = a, j = [3. v dominates R and = Y v . 

Suppose that v is an extension of V to L which dominates R. Suppose that / G R. 
Write 

CO 

f = "Y] a i:j u l v\ 

where r = ord(/), G k. There exists n such that 

z7( aijU l v^) < nV(mn). 

i+j=r 
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Write 



f = a u uV +9, 

i-\-j=r 



with g G m 7 ftR. 



v{ a^-ttV) = f( ajjttV) = miii{i/('itV) | a.y ^ 0, r < i+j < n— 1} < nv(mji) 

i+j—r i+j—r 

and > nU(mn) so that 

£>(/) = min{F(uV) | ay ^ 0} = £>(/). 



Proof of 4. As on page 653 p(j| , we consider the convergent factions ^ of r = =[^y- 



Set 



e — fp-i9p ~ fp9p-i — ±1- 
— have the same signs. 



Up 



For arbitrary p, we can dehne m,vi £ L by 



u fp-l 

y9p- 



v 9p 

->vl = —r- 
u jp 



eu(m) = f p -iv{u) - g p -iu(v) 



9p-l 



= 9 P -\v{u) 
which implies that V(u{) > 0. 

eV(vi) = g p V(v) - f p V(u) 
= Hu)g p \t - jg 

which implies F(i>i) > 0. Thus fi(ui), fi(vi) > 0. 

f p -ivi(u) - gp-xv^v) = eux{u\), -f p v\(u) + g p vi(v) = ev^vi) 

imply 



fp-i M v ) > U 

9p-i Vi{u) g p 



if e= 1, 



g p -x v x (u) g p 
if e = — 1. Since this holds for all p, 

vi(v) _ v{v) 
v\(u) v(u) 



□ 



Lemma 3.3. Suppose that L is a 2 dimensional algebraic function field over k. Sup- 
pose that R is an algebraic regular local ring with quotient field L and maximal ideal 
m R = i u , v )- Suppose that v\ is a rank 1, rational rank 2 valuation of L = QF{R) 
such that v\(u), v\{v) > are rationally independent and which dominates R. Then 
V = v\ | L is a rank 1, rational rank 2 valuation such that 



T Vl = Zf(u) + Zv(v) = T-. 
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Proof. By arguments as in the proof of 3. of Lemma |3.2| , we see that if / = 
Ei+j =r a ii H '^ € ^ with ciij € k, then ^i(/) = min{^i(?i*w : ') | a^- 7^ 0}. Thus 

T Vl = ZV{u) + Zu(v) = T-. 

□ 



Remark 3.4. Suppose that R is an algebraic regular local ring with quotient field 
K . There exist many extensions of a given valuation v of K which dominates R to 
QF{R) which do not dominate R. Let K — k(x), v be the rank 1 discrete valuation 
with valuation ring V v — k[x\^ such that u{x) — 1. Set R — k[x\( x y 

Choose fi, . . . ,/„£]? = k[[x]] such that x, fi, . . . , /„ are algebraically independent 
over k, and choose 71, . . . ,"f n G R such that 1,71, . . . ,7„ are linearly independent 
over Q. K\ = k(x, fi, ■ . ■ , f n ) is a rational function field in n + 1 variables, so we 
can extend v to a rank 1, rational rank n+l valuation v\ of K\ by setting vi(fi) = Ji, 

1 < i < n. By Proposition 2.22 || or Theorem 5', Section 4, Chapter VI [Q, v\ 
extends (up to equivalence) to a valuation v of QF(R) which we can normalize so 
that it is an extension of v . 

Write fi = x mi \i where Xi € R is a unit series. ^i(Ai) = 7^ — m t 7^ 0. Since \ 
and € R, R contains elements of negative v value, and thus v does not dominate 
R. 

Lemma 3.5. Suppose that K — > K* is a finite extension of algebraic function fields 
over k of dimension 2. Suppose that v is a rank 1 rational rank 2 valuation of K, v* 
is an extension of v to K* . Suppose that Rq is an algebraic regular local ring with 
quotient field K , maximal ideal mji = (u, v), S is an algebraic regular local ring with 
quotient field K* , maximal ideal ms = (x,y) and such that S dominates R, 

u = x a y b S 1 
v = x c y d S2 

for some natural numbers a, b, c, d and units 61,62 € S , and such that the characteristic 
of k does not divide ad — be. 

Suppose that V v * dominates S and v(u),v(v) are rationally independent over Q. 
Then 

r„ = Zu(u) + Zu{v) 

and v* is a rank 1, rational rank 2 valuation of K* such that v*(x), v*(y) are rationally 
independent over Q, and 

Suppose that S — > Si is a sequence of quadratic transforms along v* . Then S\ has 
regular parameters such that 

x = Xiy\ 
V = xfyf 

with ad — be — ±1, and there exists a (unique) algebraic regular local ring R\ with 

~ r„»/r„ 

quotient field K which lies below S\. R\ = S\ , where r„» /Y v acts faithfully on 

Si by k-algebra automorphisms, by multiplication ofx\,y l by roots of unity in k. 

Proof, v* has rational rank 2 and rank 1 since K* is finite over K (Lemmas 1 and 

2 of Section 11, Chapter VI |3(|). v*{x),v*(y) are linearly independent over Q, so 
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Lemma 3.2 applies to v and to v* . We have an expression in Si 



v = x\y\8 2 

with natural numbers a, b, c, d and units Si and 82 in Si such that the characteristic 
of fc does not divide ad — be. Let 



A = 



a b 
c d 



d =| ad — be |. There exist regular parameters Xi,yi in S± such that 

u = x\y\, v = x\y(. 

Let w be a d th root of unity in fc. 7? j AT? acts faithfully on S\ by fc-algebra auto- 
morphisms. To c £ 7? I AT? the corresponding fc-algebra automorphism <j c of Si is 
defined by 

a c (xi) = u< B ^> Xl a c (yi) = u <B » c> yi 
where Bi is the i th row of dA^ 1 = ±adj(A). Since k(u,v) — > fc(xi,j/i) is Galois 

with Galois group T /AT , it follows that is the completion of a fc-algebra 

generated by rational monomials u°' 1 v^ 1 , • • • , u ar v^ r (with a;, ft e Z for all i). 

Ro[u ai v \... C Si r\K = Si. 

Let Ri = R n [u ai vP\ . . . ,u ar v 0r ] p where p = Ro [u ai v 01 , . . . ,u Q -?A] n m Sl . Ri = 

Si is normal, so i?i = i?i PI K is normal. Since ymfjT^i = "i-Si, -Ri lies below 

Si by Zariski's main Theorem (10.9 Q). Uniqueness follows since the condition i?i 
lies below Si implies Ri — Si n AT by Proposition 1 (iv) W . □ 



Remark 3.6. The conclusion Ri = Si in Lemma 3.1 is a special case of a 

general result on ramification of valuations 1 1 1 . 

Lemma 3.7. Suppose that p is a prime such that p is not the characteristic of k and 
T p acts diagonally and faithfully on the powerseries ring k[[x, y]] . Set R — k[[x, y]] Zp ■ 
Then R is a normal local ring such that either 

1. R is regular and the algebraic fundamental group 

TTi(spec(R) — mil) = 

or 

2. R is not regular, R — > k[[x, y\] is unramified away from mR and the algebraic 
fundamental group 

iTi(spec(R) — ttir) — Z p . 

Proof. Let to be a primitive p th root of unity in k, a a generator of T p . There exist 
integers a, b with < a. b < p such that 

a(x) = uj a x, a(y) = uj b y. 

Suppose that a = 0. Then R = k[[x,y p )] is regular. If b = then R = k[[x p ,yj] is 
regular. In both cases, 

7Ti(spec(i?) — ma) = 7ri(spec(i?)) = 7Ti(fc) = 

by the purity of the branch locus (Theorems X 3.4, X 1.1 0]). 

Suppose that a, b =^ 0. Then for 1 < i < p — 1 there exists a unique ji such that 
bji = ai mod p with < ji < p. This implies that x p ~ l y Ji is an invariant. Note that 
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there exists an invariant of the form x p 11 y for some < i± < p, so that ji t = 1. We 
will show that 

fl = fc[[a* a*-V'v.. ,xy j »-\y p ]}. 

We must show that any invariant monomial in x and y is a product of powers of these 
p + 1 monomials. 

Suppose that x t y J is invariant. Then ai+bj = mod p. Write i = i+Xp, j — j+rp, 
with < i < p, < j < p. 

x y = x 1 y 1 x Xp y Tp 
bj = —ai mod p implies i = j = or j = j p _j- 
Consider the finite map of normal local rings 

$ : Y = spec(k[[x,y}}) — > X = spec(JJ). 
The ramification locus of $ is defined by the 2x2 minors of 



J($) 



/ d{x p ) d(x p ) V 
dx dy 

d(x p - 1 y^) d(x p - 1 y j i) 
dx dy 



dx dy 



and 



1 (p-i^xP-^^y X p-^ I~ PX 



implies ^/T^jJW)) = (x, y). Thus $ is unramified (and etale) away from m^. 

Suppose that S is a complete normal local domain such that S is finite over R, 
and R — > S is etale away from to#. Let T be the normalization of the image of 
S ® R k[[x, y]] in QF(S) ®qf(j?) QF(k[[x, y, ]]). &[[af, y]] — > T is etale away from (x, y), 
so by the purity of the branch locus, and since k is algebraically closed, spec(T) is 
a disjoint union of copies of spec (k [x, y]]). A choice of one of these copies gives a 
factorization 

spec(fc[[a;, y]]) — > spec(S') — > spec(ii). 
Thus 7Ti (X - 771^) = Z p . □ 

Abhyankar constructs an example which shows that we cannot in general take R 



Theorem 4.3) 



to be regular in general in Corollary 4.4 (and thus we cannot take R to be regular in 



Theorem 3.8. (Abhyankar) There exists a two dimensional algebraic regular local 
ring R with quotient field K , a valuation v of K which dominates R, and a finite 
extension L\ of K such that if R\ is an algebraic regular local ring with quotient field 
K such that R C R\ and V— dominates R\, then there is a unique normal algebraic 
local ring S with quotient field L\ lying over R\. S is not regular. 

Proof. We give an outline of the construction, refering to Theorem 11 j| for details. 

Let K = k(u, v) be a rational function field in two variables. Let q > 3 be a prime 
such that q ^ char(fc). Set a = q — 4, Set 

1 



1 



, -eR-Q. 



T 



Define a rank 1, rational rank 2 valuation v on K by setting u(u) = r, v{v) = 1. 
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Set R = k[u,v]r u ,v) C V-. Let 

Lx = K[z]/z q ~uv 2 . 

Let z be the image of z in L%. 

Abhyankar shows that if R\ is an algebraic regular local ring with quotient field K 
such that R C i?i , and V77 dominates R\ , then there exists a unique normal algebraic 
local ring S with quotient field L\ lying over R\ and S is not regular. □ 



By Lemma 3.2, F F = Z + rZ. We will show that there is a unique extension V\ of 
17 to L\. First suppose that i^i is a valuation of Li such that V V1 D K = V v . Since 
v\ must have rank 1 and rational rank 2 (Lemmas 1 and 2, Section 11, Chapter VI 
p0|), we can assume that the value group of V\ is a subgroup of R. We can then 
assume that v\ is normalized so that v\(v) = 1. Since 1^1 | if is equivalent to F, and 
V\(v) = 1, we have z/i | ,/f = F by Lemma 3.2. Thus v\ is an extension of 77. Since 
^i(z) = i(2 + t), we have that Y Vl /Y^ = Z 9 , and ^1 is the unique extension of 77 to 



Li, by corollary to Theorem 25, Section 12, Chapter VI |3C[| and Lemma 2.18 
Let p be another prime such that p ^ q and p ^ char(/c), and set 



u>' p — uv 2 . 



L 2 = K[w]t 

Let w be the image of 77J in L2 ■ By the same analysis as for v\ , there is a unique 
extension v 2 of 77 to £2- v 2 {w) = |(2 + r) and r„ 2 /F- = Z p . 
We remark that 

t = q- 4 + e with < e < 1. (3) 
Set xi(l) = ^, yi(l) = ^- e Li. 

vi(xi(l)) = vi{v) - vi{z) = 

_ 9-2-r _ 2_^e > q 

1* (tfi(l)) = 2i*(a0 -i*(«) = f (2 + t)-1 

= <jr-4+2e q 

Set Si = fcM^yiWW),^!))- QF(5i) =ii. 5c 5i C K x . 

u = ari(l)«"V(l)«- 2 
v =a; 1 (l) 2 y 1 (l). 

IV, =i^(as 1 (l))Z + i^( 1 / 1 (l))Z. 

We will now impose the further condition that 5<q<p<2q — 4. For example, 
we could take q — 11, p — 13 or q — 17, p — 23. Set 

2 

xi{2) = -, yi (2) = — eL 2 . 

w v 

v 2 (xi(2)) = v 2 {v) - V 2 {w) 

_ p-2-T _ (p-q)+2-e q 
P P 

i*(lft(2)) =2^(^-^(^ = 1(2 + ^-1 

= 2q-p-4+26 Q 
P 

Set 

S 2 = fc[x 1 (2),y 1 (2)] (a;i (2),j /1 (2). 
QF{S 2 ) = L 2 . RcS 2 cV V2 . 



2...m (4) 



w =a; 1 (2) 2 y 1 (2). (5) 



T, 2 =^ 2 (a;i(2))Z + z/ 2 (y 1 (2))Z. 
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We will now assume that char(fc) 7^ 2. 

Let k[x, y, z%] be a polynomial ring in x, y, zi, 

f = z 2 1 -l + x m y n ek[x,y,z 1 ] 

with m, n odd and sufficiently large, as will be determined below. We will also assume 
that m, n are not divisible by char(fc). Then / is irreducible. Set So = k[x, y, zi]/(f). 
By abuse of notation, we will from now on identify x,y,Z\ with their equivalence 
classes in So- So is smooth over k. Suppose that Oi,&i,ci,di G N are such that 
a\d\ — b\C\ is not divisible by char(fc) and a 2 , b 2 , C2, d 2 € N are such that aidi — b 2 c 2 
is not divisible by char(fc). We now impose the conditions 

m > max{| a\ — a% |, | c\ — c% |} 

and 

n > max{| 61 — 62 |, | d\ — d 2 |}. 
Let i? = fc[u, u] be a polynomial ring in two variables. 
We define a fc-algebra homomorphism 

R — > So 

by 

u = x ai y bl (l - zi) + x a2 y b2 (l + z{) 
v = x Cl y dl (l - zi) + x C2 y d2 (l + z x ) 

Consider the prime ideals P\ = (x, y, z\ + 1) and P 2 = {x, y, z\ — 1) in So- In the local 
ring (So)p 1 we have (Pi)p 1 = {x,y) since 

( Zl + 1) = -( Zl - l)- 1 x m y n . 

In the local ring (So)p 2 we have (P2)p 2 = {x,y)- 
In (So) Pi we have 

U = X ai y bl (l - Zi - (Zi - l)-1^2+m-ai y fc 2 +n-bi) 

= x ai y bx 8i 

V = X Cl y dl {l - Zi - (Zi - l)-l x c 2 +m-ci y <i 2 + n -di) 

= x Cl y dl S 2 

where 81,62 € (So)p 1 are units. 

Since a\d\—b\ci is not divisible by char(fc), we have regular parameters x\{l), J/i(l) € 
(So)pj such that 

« =^(l)«^i(l)^ 

This implies that R C So is an inclusion. 

By a similar calculation, we have units ei, e 2 G (So)p 2 such that 

it = x a2 y b2 e x 
v = x C2 y d2 e 2 

and regular parameters a;i(2),yi(2) € (So)p 2 such that 

it =xi(2)^yi(2)^ 

« =xi(2) c ^i(2)^ ■ l ' j 

With the notation introduced in Theorem |3.§| , we have R = R( u ,v) and K = QF(R). 
Set L = QF(So). L is finite over K since K — ► L is an inclusion of algebraic 
function fields of dimension 2. 

In this construction, set 

ai = g — 4, 61 = g — 2, ci = 2, d\ = 1 
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and 

d2 = p — 4, 6 2 = P — 2, C2 = 2, d,2 = 1, 
where p, 5 are the primes chosen in Theorem 3.8, and in the paragraph following 
Theorem |]| 

Let $ : Y — > X be a morphism of smooth projective surfaces over k which extends 
our map spec(So) — > spec(i?). Such a map exists by resolution of singularities of 
surfaces in characteristic > (Q, poj , [p2|). For i = 1,2 we have commutative 
diagrams: 

= R(u,v) — * (So)Pi 
I I (8) 

s=fc[[«.«]] = Mi*i(»), w(*)]] 

with (by @ and (|)) 

u =x 1 (z) a ^ 1 W b ' 
1; = xi(i) c '2/i(i) dl . 
We further have commutative diagrams: 

R —> S{ 

I I (9) 

t=k[[u,v}} & = fc[[*l(*), !&(*)]] 

with (by @ and (§)) 

u = xi(i) a 'yi(i) bi 
w = a;i(i) Cl yi(i) dl . 
Diagrams (^) and (||) patch to give commutative diagrams for i = 1, 2 

^(u,u) " > (5'o)p 1 

I I (10) 

R — ► Si 



Lemma 3.2 implies that for i = 1,2, there exists a unique extension Vi of to QF(Si) 
which dominates Si and — T Ui . 

For i = 1,2, let Fi = z>£ | (under the inclusion Lq C QF(Si) induced by (|l0[) ) . 



IV = by Lemma 3.3. v-i \ K = v for i = 1,2 where ^ is the valuation of if 



introduced in Theorem ^ 

Suppose that there exists a diagram 

Y % ^ 

I I 
r -a x 

such that the vertical arrows are birational and proper, Y\ is nonsingular, X\ is 
normal, and $1 is finite. Then Y\ —> Y is a sequence of blowups of points (Theorem 
II. 1.1 |p9[ ). There exist commutative diagrams 

ill S(l) 

1 T Ai (11) 

i? - (So)* 

and 

Rx -» 5(2) 

1 T A 2 (12) 

-R — ► (So)p 2 
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where R\ is the center of V on X\, 5(1) is the local ring of the center of Fi on 
Y\ and 5(2) is the local ring of the center of F 2 on Y\. \\ and A2 are products of 
quadratic transforms. 

By Lemma |3.5| 



and 



- — - r-, AV 

i?x-5(l) 11 . (13) 



R l ^S{2)" JT \ (14) 



By Theorem |J, © with i = 1 and ©, fl x is not regular, 
by our construction. 



By Lemma ^7 and (|13|), 

7ri(spec(i?i) - m^J = Z q 

and by @ 

7ri(spec(^i) - m^) = Z p . 
But p ^ q, so we have a contradiction. 

4. Ramification of valuations in algebraic function fields 

Theorem 4.1. (Monomialization; Theorem 1.1 Let fc fee afield of characteristic 
zero, K an algebraic function field over k, K* a finite algebraic extension of K, v* a 
k-valuation of K* . Suppose that S* is an algebraic regular local ring with quotient field 
K* which is dominated by v* and R* is an algebraic regular local ring with quotient 
field K which is dominated by S* . Then there exist sequences of monoidal transforms 
R* — > i?o and S* — > 5 such that v* dominates S , 5 dominates Rq and there are 
regular parameters (xi, x n ) in Rq, (j/i, y n ) in S, units Si,... ,S n S 5 and a 
matrix A = [aij ) of nonnegative integers such that det(A) 7^ and 

xi = y a 1 11 ---y^S 1 

: (15) 

%n — Hi ' ' ' U n "fi- 

The standard theorems on resolution of singularities allow one to easily find Rq 
and 5 such that ( |l5| ) holds, but, in general, we will not have the essential condition 
det(<2y ■) 7^ 0. The difficulty in the proof of this Theorem is to achieve the condition 
det(ay ) 7^ 0. 

Let a, be the images of Si in S/ms for 1 < i < n. Let C = (a^- ) _1 , a matrix with 
rational coefficients. Define regular parameters (y 1 , ... ,y n ) in 5 by 

\aij \a n J 

for 1 < i < n. We thus have relations 

x i = afi? 1 (16) 

with cti € S/ms f° r 1 < * < n in 

#0 = i?o/m flo [[xi, . . . ,£„]] 5 = 5/ms[[f 1; . . . ,y n ]}. 
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Remark 4.2. Suppose that k' is a field, A = (a^) is an n x n matrix of natural 
numbers with det(A) ^ 0, and we have an inclusion of lattices 

N' = Z" 4 N = Z" 

with a corresponding inclusion of dual lattices 

M = Hom(N, Z) M' = Hom(N', Z). 

Let a be the cone generated by the rows of A in N <g) R, a' be the cone generated by 
N n in N' ® R. Suppose that a (~1 M is generated by e±, . . . , e r . By the theory of toric 
varieties (c.f. page 34 we foaue inclusions of k' -algebras 

k'[x u . . . ,x n ] -> fc' [<t n M ] = fc'[rs. . . ,5"] -» fc'[a' n M'] = fc'fo, . . . ,y„] 

wzi/i = y^ 1 • • ■y^ n for 1 < i < n. k'[a ("1 M] is a normal ring with quotient field 
k'(xi, ... , x n ) and k'\a' PI M'] is finite over k[a H M]. 

If fc' = C, this can be expressed in a particularly nice way. N/N' = Z n /AZ n acts 
on C[y l5 ... ,y n ] by associating to c G N/N' the C-algebra automorphism cr c defined 

by 

f r c (y i )=exp 2 -<- F *' c >y i 

for 1 < i < n, where 

/ Fi 
A- 1 = : 
V F n 

Theorem 4.3. Let k be a field of characteristic zero, K an algebraic function field 
over k, K* a finite algebraic extension of K , v* a k-valuation of K* . Suppose that 
S* is an algebraic local ring with quotient field K* which is dominated by v* and R* 
is an algebraic local ring with quotient field K which is dominated by S* . Then there 
exists a commutative diagram 

Ro -> R -> S C V v * 

T T (17) 

R* -> S* 

where S* — > S and R* — * Rq are sequences of monodial transforms along v* suc h that 
R — > S have regular parameters of the form of the conclusions of Theorem ^.1, R is 
an algebraic normal local ring with toric singularities, which is the localization of the 
blowup of an ideal in Rq, and the regular local ring S is the localization at a maximal 
ideal of the integral closure of R in K* . 

Proof. By resolution of singularities |TJ| (c.f. Theorem 2.6, Theorem 2.9 ||), we first 
reduce to the case where R* and S* are regular, and then construct, by the local 
monomialization theorem, Theorem 4.1 a sequence of monodial transforms along v* 

R ^ S c V v * 

T T (18) 
R* -> S* 

so that Rq is a regular local ring with regular parameters (xi, ... ,x n ), S is a regular 
local ring with regular parameters {y\, . . . , y n ), there are units Si, . . . ,S n in S, and a 
matrix of natural numbers A = (atj) with nonzero determinant d such that 

^ = SivT 1 ■ ■ ■ Vn n 

for 1 < i < n. 



GENERICALLY FINITE MORPHISMS 



15 



Let k' be an algebraic closure of S/ms- With the notation of (|rq), set Xi = so 
that 

Ro ®R /m Ro k ' - k'[[xi, . . . ,£„]] -> 5 ®s/ mg fc' = ■ ■ ■ ,y n }] 

is defined by 

— — an — din 

Xi = Vx ■ ■■Vn , 



1 < i < n. With the notation of Remark 4.2, set R = Ro[x ei , . . . ,x er ] m where 

TO = (x Sl , • . • , X Cr ). 

R [x ei ,... ,x er ]c SDK* = S 
(by Lemma 2 pi) and to C mjllif* = mj, so S" dominates R. R — Ro/m^ [\x ei , . . . , x f 



is integrally closed in its quotient field (by Remark 4.2 and Theorem 32, Section 13, 
Chapter VIII ^7j), so R = R(~] K is integrally closed in K. After possibly reindexing 
the j/i, we may assume that d = det(A) > 0. Let (6y) be the adjoint matrix of A. 
Then 

n / ?7 \ 

3=1 = 1 / 

Thus \/m R S = ms, so R lies below # by Zariski's Main Theorem (10.9 0). 

□ 

As an immediate consequence, we obtain a proof in characteristic zero of the "weak 
simultaneous resolution local conjecture" . which is stated explicitely on page 144 
of ||, and is implicit in (2). Abhyankar proves this for algebraic function fields of 
dimension two and any characteristic in [[l | and (|] . In the paper ^ , we have given a 
direct proof of this result, also as a consequence of Theorem |4.l| (Theorem 1.1 ||). 

Corollary 4.4. (Corollary 1) (Theorem 1.1 Let k be afield of characteristic zero, 
K an algebraic function field over k, K* a finite algebraic extension of K , v* a k- 
valuation of K* , and S* an algebraic regular local ring with quotient field K* which 
is dominated by v* . Then for some sequence of monodial transforms S* — > S along 
v* , there exists a normal algebraic local ring R with quotient field K , such that the 
regular local ring S is the localization at a maximal ideal of the integral closure of R 
in K*. 

Proof. There exists a normal algebraic local ring R* with quotient field K such that v* 
dominates R* (take R* to be the local ring of the center of v* on a normal projective 
model of K). There exists a finite type fc-algebra T such that the integral closure of 
R* in K* is a localization of T, and T is generated over k by gi, . . . , g m G V* = V v - 
such that v*{gi) > for all i. There exists a sequence of monoidal transforms S* — > Si 
along v* such that T C S\ (Theorem 2.7 §). S\ dominates R* . After replacing S* 



with S\, we can assume that S* dominates R* . Theorem 4.3 applies to this situation, 



so we can construct a diagram of the form ([L7|). □ 

When K* is Galois over K, it is not difficult to construct using Galois theory 
and resolution of singularities a regular local ring S with quotient field K* and a 
normal local ring R with quotient field K such that S lies over R (Theorem 7 [p[, 



Theorem 6.1), although even in the Galois case the full statements of Theorem |4.S 



and Corollary [4. 4| do not follow from these results (Theorem 7 M, Theorem 6.1). The 



general case of non Galois extensions is much more subtle, and not as well behaved, 



as can be seen from Theorem 3.1 
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5. Generically FINITE MORPHISMS 

Suppose that / : Y — ► X is a dominant, generically finite morphism of complete 
fc-varieties. In this section we construct a commutative diagram 



Y ^ 


X 


I 


i 


Y X 


X 



of the form of (||) such that Y is nonsingular, fx is "close" to being finite, and the 
vertical arrows are birational and "close" to being proper. 

Let K be an algebraic function field over a field k of characteristic zero. In his 
work on resolution of singularities, Zariski |27j ] constructed for each k- valuation ring 

V of K a projective model Xy of K such that the center of V is nonsingular on Xy. 
By the quasi-compactness of the Zariski-Riemann manifold of valuations of K, there 
exists a finite number of the Xy, {Xy t , . . . ,Xy n } such that every valuation ring V 
of K has a nonsingular center on at least one of the Xy i . 

In dimension < 3, Zariski p8[ was able to patch the open nonsingular locus of 
appropriate birational transforms of the Xy i to produce a nonsingular projective 
model X of K. 

The only part of Zariski's proof of the existence of a nonsingular model which does 
not extend to arbitrary dimension is the final step where nonsingular open subsets Ui 
of Xy i are patched (after appropriate birational transforms) to produce a projective 
variety. Hironaka observes in Chapter 0, Section 6 of [jl7| that we can always patch the 
nonsingular loci Ui of the Xy i along open sets where they are isomorphic, to produce 
an integral finite type scheme X such that X is nonsingular and every valuation ring 

V of K has a center on X, but X will in general not be separated. Hironaka calls 
such schemes "complete" . 

If such an X is separated, then the following Lemma shows that X is in fact 
complete in the usual sense, that is X is a proper fc-scheme. 

Lemma 5.1. Suppose that X is a separated, integral, finite type k-scheme, such that 
every k-valuation of k(X) has a center on X. Then X is a proper k-scheme. 

The proof of this Lemma is immediate from (ii) of Corollary II 7.3.10 [[l5| (Recall 
that in the notation of [ p5[ , a scheme is a separated pre-scheme), or can be deduced 
directly from the valuative criterion of properness (Theorem II 7.3.8 [jHsJ or Theorem 
II 4.7 @). 

One may expect a scheme X which satisfies all of the conditions of the Lemma 
above except the separatedness condition to be universally closed. This is false, as is 
shown by the following example. 

Example 5.2. Suppose that k is a field. There exists a (nonseparated) integral finite 
type k-scheme such that every k-valuation ring of k{X) has a center on X, but X is 
not universally closed over k. 

Proof. Let <f> be an imbedding of P 1 in P 3 . Let Z = (^(P 1 — {oo}), xq — <f>(oo). Let 
7r : X± — > P 3 be the blowup of Z = ^(P 1 ), X 2 — P 3 — {a;o}- We can construct an 
integral finite type fc-scheme X by glueing X x to X 2 along the open sets X x — tt^ 1 (Z) 
and X-2 — Z. By construction, every fc-valuation of k(X) has a center on X. 4> induces 
an isomorphism of P 1 — {oo} with the closed subset Z C X%. Z is closed in X. 
Thus the induced morphism (j> : spec(fc(P 1 ) — > X does not extend to a morphism 
spec(0 P i iOO ) -> X. 
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Suppose that X is universally closed over k. Let U = spec(fc(P 1 )), T = spec(Opi OD ), 
with natural morphism i : U — > T . Let t\ G T be the generic point, to € T the special 
point. 

Let ^4 be the closure of x i(U) in X x T. 772(A) is closed since the projection 
7T2 : X x T — > T is closed by assumption. So there exists i/o £ ^ such that 7^(2/0) = ^o- 
By Lemma II 4.4 jlTj we have an extension T^XxToiU^XxT which 
projects to an extension spec(T) — > X of {/ — ► X, and thus an extension of <p to 
spec(Opi i00 ) — > X , a contradiction. □ 



Theorem 5.3. Suppose that f : Y —> X is a dominant, generically finite morphism 
of complete varieties over a field k of characteristic zero. Then there exists a com- 
mutative diagram of integral, finite type k-schemes 

Y -> X 

I I 

Y -> X 

such that Y is nonsingular, X has normal toric singularities, the vertical arrows are 
birational morphisms, Y — > X is guasi-finite and every k-valuation ring of k(X) has 
a center on X , every k-valuation ring of k(Y) has a center on Y . 



Remark 5.4. The orem 3.1 (and Lemma 5.1 ) show that we cannot take the vertical 



arrows in Theorem p. j| to be proper. 

Proof. Let K = k(X) be the function field of X, K* = k(Y) be the function field of 
Y. By assumption, k(Y) is finite over k(X). By resolution of singularities psj , we 
may assume that Y and X are nonsingular. Let V* be a fc-valuation ring of K* such 
that tvdegkV* / my =0, V = V* n K. Let p be the center of V on X, q the center 
of V* on Y. 

By Theorem 4.3, there exists a sequence of the form (O), 
R Q ->■#-> 5 C 

T T 

such that S* is regular and R has toric singularities. 

Let N = Z™, cr be the cone generated by the rows of A = (a^ ) (with the notation 
of ( |l5| ) in N ® R. Let M be the du al la ttice of N, a be the dual cone of a. By the 



proof of Theorem 13 (and Remark 4.2), if a n M is generated by ei, . . . , e r , then 
i? = i?o[2; ei , ■ • ■ , x Er ] m . There is a natural inclusion 

k[anM] =k[x ei ,... ,x er ] R. 

U a = spec(fc[<j n M\) is a normal affine toric variety. 

Thus there exist affine open sets U p of p in X and U q of q in Y and affine rings i?y 
with quotient fields K and «SV* with quotient field if* with the following properties: 

1. Rv is normal and Sy* is regular. 

2. If pi is the center of V on Ry and gi is the center of V* on SV* , then (Ry) Pl = R, 
(Sy) qi = S. 

3. There is a commutative diagram 

Ry — > Sy 

T T _ (19) 

T(u p ,o x ) -» r(c/ 9 ,Or) 
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such that Ry — > Sy* is quasi-finite, 

k[&n M] = k[x e \... ,x Er ] -► fly 

is etale, so that i?y has normal toric singularites, and the vertical arrows are 

birational morphisms. 
Let Z(K) be the Zariski-Riemann manifold of fc-valuation rings of K, Z(K*) be 
the Zariski-Riemann manifold of fc-valuation rings of K* . These spaces have natural 
topologies with respect to which they are quasi-compact (Theorem 40 Section 17, 
Chapter VI, f30|). There is a natural continuous map $ : Z{K*) — > Z(K) defined 
by $(V*) = V* H K. For each V* G Z{K*) such that trdeg fe V* /my* = 0, let 
Yy be a projective variety which contains spec(Sy*) as an open set, and let Xy 
be a projective variety which contains spec(i?y) as an open set and such that the 
birational rational maps Yy — > Xy, Yy* — > Y and Xy — > X are morphisms. Then 
there are commutative diagrams of continuous maps 

Z(K*) - Z(K) 

I 7Ty» 1 Tly 

Yy, -> . 

I I 

y -> x 

Let IVy* = 7iyI(spec(SV*)), anopenneig hborhood of V* in Z(K*), Wy = Tiy^spec^ 
an open neighborhood of V in Z(K). Suppose that V £ Z(K*) and trdeg^V"' /my > 
0. Let 7r : V"' — > V /my be the residue map. By corollary 3 to Theorem 5, Section 4, 
Chapter VI j30), there exists a fc-valuation ring V\ with quotient field V' /my such 
that trdegfcVi/my = 0. Set V* = 7r _1 (Vi), a fc-valuation ring of K* such that V* 
is a specialization of V' and trdegfcV* /my = (page 57 ||). Since V* dominates a 
local ring S of Wy , V must dominate a localization of 5, which is the local ring of 
a point of Wy- Thus V € {fi"}i"GZ(ff*) is t nus an open cover of Z(K*). 

{Wy}y £ z(K) is also an open cover of Z(K). 

Since Z(K*) and Z(K) are quasi-compact, there is a finite set of valuation rings 
V*, . . . , V r * n G Z(K*) with trdeg/sV^/my.. = for all i such that if Vi = V* n K then 
{WV-, ■ ■ ■ , W^y^} is an open cover of Z(K*) and {WVd ■ ■ ■ , Wy m } is an open cover 
of Z{K). 

For 1 < i < m we have commutative diagrams 

Di := spec(5y«) — * Cj := spec(i?V;) 

J. a>i i , 

where is the center of V/ on Y, pi is the center of Vi on V. Let Ai C V be 
nontrivial open sets where is an isomorphism and let Bi C f~ l {Ai) be nontrivial 
open sets where bi is an isomorphism. Then define Y to be the finite type fc-scheme 
obtained by patching Di to Dj for i ^ j along the nontrivial open set Bi D Bj , and 
define X to be the finite type fc-scheme obtained by patching d to Cj for i ^ j along 
the nontrivial open set Ai n . 

By construction, Y and V are integral, Y is nonsingular, X has normal toric 
singularities and / : Y — » V is quasi-finite. □ 

6. Galois extensions 

For Galois extensions, Question 1 of the introduction has a positive answer. Sup- 
pose that K — > A"* is a finite Galois extension of algebraic function fields of charac- 
teristic zero. The existence of a finite map of normal projective fc-varieties Y —>■ X, 
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where Y is nonsingular, k(X) = K, k(Y) — K* has been proven by Abhyankar in 
Theorem 7 . We prove a relative version of this result in Theorem EO . 

Theorem 6.1. Suppose that $ : Y X is a dominant morphism of projective va- 
rieties over an algebraically closed field k of characteristic zero such that k(Y) is a 
finite Galois extension ofk(X). Then there exists a commutative diagram 

Y -> X 

i i 

Y -> X 

such that Y — > Y . X — > X are birational morphisms of projective k-varieties, Y is 
nonsingular, X is normal, Y — > X is finite and X has normal toric singularities. 

Proof. Let Xo be the normalization of X in k(X), Yq be the normalization of Xq 
in fc(Y). Let G = Gal(fc(Y) / 'k(X)) . G acts on Y and Y /G = X a . Let D be the 
branch locus of Yq — ► Xq. Let m : X\ — > Xo be a resolution of singularities so that 
L>x = 7r^ 1 (-Do)red is a simple normal crossings divisor. If X\ is the blowup of an ideal 
sheaf 2"o m Xo, let Y\ be the normalization of the blowup of IqOy - fi '■ Y± — > Xi is 
finite, and G acts on Y\. The branch locus of fi which is a divisor supported on D\ 
(by the purity of the branch locus) has simple normal crossings, so by Abhyankar's 
Lemma (||, XIII 5.3 |Q) Yi has normal toric singularities, and (by Lemma 7 0]) if 
p € Yi is a closed point, the stabilizer 

G s (p)H^G| ff (p)= P } 

is Abelian. Suppose that Zi C Oyi is an ideal sheaf such that the blowup of T\ in 
Yi dominates Y. Let J = Y\ geG g(Ii), and Y2 be the blowup of J . Then G acts on 

Y2 and the rational map Yi — > Y is a morphism. Let Y2 -> I2 be a G-equivariant 
resolution of singularities of Y2 ( H , ) , with composed map K2 '■ Y2 — > Yi . G acts 
on Y 2 and for q e Y 2 , G s (g) < G s (7r 2 (< ? )) so that G s {q) is Abelian. Let Y = Y 2 , X = 
Y2/G, a projective fc-variety (c.f. page 126, p6|), which has normal toric singularities 
(by Lemma 7, §). □ 

Example 6.2. Even if k(Y) is Galois over k(X), with Galois group G, and Y — > A 



is G-equivariant, we cannot take both X and Y to be nonsingular in Theorem 5. 



Theorem 6.1. 



This is an immediate consequence of Abhyankar's example, Theorem 11, B (re- 



stated in Theorem 3.8 of this paper.) Let k be an algebraically closed field of character- 



istic zero. With the notations of Theorem 3.8, L\ is a Galois extension of K = k(u, v) 



with Galois group Z q . Z g acts on S — k[u,v, z]/ z q ~ uv 2 and its invariant ring is 
R = k[u, v]. With the notation of Theorem |3.8| , R — R( u ,v)- By equivariant resolution 
of singularites [Q, J25| (applied to the normalization of X = P 2 in L\) there exists a 
dominant 7i q equivariant morphism of nonsingular projective fc-surfaces Y — > X such 
that fc(X) = X, k(Y) = L\ and there exists a point pel such that Ox, P — R- 
Suppose that there exists a diagram 

Y -?> X 

I I 

Y -> X 

as in the conclusions of Theore m |5.3| such that X is nonsingular. Let V be the valuation 
of K constructed in Theorem |3.8j. Let v\ be the (unique) extension of V to L±. Let 
q e Y be a center of z/i, p = *&(<?)• S = 0^7 dominates A = O-^ p . Since $ is 
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quasi-finite, B lies over A by Zariski's Main Theorem (10.9 H). Since A is regular 



and v dominates A, B is not regular by Theorem 3.8, a contradiction 
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